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Abstract 

Spinor description for the curvatures of D = 5 Yang-Mills, Rarita-Schwinger and 
gravitational fields is elaborated. Restrictions imposed on the curvature spinors by the 
dynamical equations and Bianchi identities are analyzed. In the absence of sources 
symmetric curvature spinors with 2s indices obey first-order equations that in the 
linearized limit reduce to Dirac-type equations for massless free helds. These equa¬ 
tions allow for a higher-spin generalization similarly to 4d case. Their solution in 
the form of the integral over Lorentz-harmonic variables parametrizing coset manifold 
50(1,4)/(S'0(1,1) X ISO{3)) isomorphic to the three-sphere is considered. Super¬ 
particle model that contains such Lorentz harmonics as dynamical variables, as well 
as harmonics parametrizing the two-sphere SU{2)/U{1) is proposed. The states in 
its spectrum are given by the functions on that upon integrating over the Lorentz 
harmonics reproduce on-shell symmetric curvature spinors for various massless super- 
multiplets of D = 5 space-time supersymmetry. 


1 Introduction 

Spinor approach to the description of Ad gravitational held initiated by R. Penrose [1] can be 
extended in the uniform way to other gauge helds that manifests itself in the construction 
of the contour integral solutions of free massless held equations |2] using the features of two- 
component SL{2, C) spinors and SU{2, 2) twistors [3]. Symmetric curvature spinors with 2s 
indices that appear in such an approach generalize linearized Weyl curvature spinor (s = 2) 
and were shown later to play an important role in the formulation of higher spin gauge 
theories extending Einstein [Ij and Weyl [5] gravity theories. Generalizations of such a con¬ 
struction relying on twistors related to higher-dimensional conformal symmetries encounter 
difficulties (see, e.g., 0 . 0 ) because of the more complicated algebra of multicomponent 
spinors and the fact that in dimensions greater than four the requirement of conformal 
invariance turns out very restrictive. 

That is why an approach, in which only Lorentz invariance is manifest, looks more prefer¬ 
able. In Ref. [8] there was constructed on-shell integral represent at iorJl for the curvatures of 
massless free helds in dimensions D = 3,4, 6,10 that uses Lorentz vector and spinor harmon¬ 
ic^ so that the Lorentz-symmetry is built in. The integrand is a function of the rectangular 

^E-mail: d_uvarov@hotmail.com 

^Analogous integral representation for solutions of the equations for Ad massless arbitrary spin fields had 
been independently proposed in [^. 

^Recall that Lorentz harmonics were introduced in [lOj as a generalization of the harmonic variables for 
compact groups m- Spinor harmonics were introduced in [8], [12], [13] (For early attempts on introducing 
spinor harmonics see, e.g., |14].|15]L Let us note that in D = 4 spinor harmonic matrix can be identified 
with the normalized dyad [16] . The original motivation for considering such objects was connected with 
the hope to solve the problem of covariant quantization of the Green-Schwarz superstrings using the spinor 
harmonics. Recently spinor variables that could be related to gauge-fixed Lorentz harmonics were introduced 
in [18] . [19] and used to elaborate on the spinor-helicity formalism for higher-dimensional gauge fields 
and spinor representation of the scattering amplitudes. 


1 



block of the spinor harmonics matrix and the projection of the space-time coordinate vector 
onto a nnll vector constrncted out of those spinor harmonics. The form of the harmonic 
measure ensures invariance of the integral under S'(9(l, 1) x ISO{D — 2) gauge symmetry so 
that the integration is actually performed over the sphere Resultant curvature spinors 

are functions of the space-time coordinates and satisfy Dirac-type equations. 

In the present paper we generalize this approach to the 5d case. To this end we work 
out in detail the spinor description for D = 5 Yang-Mills (YM), Rarita-Schwinger (RS) and 
gravitational helds. Their irreducible curvature spinors are characterized and contents of 
the dynamical equations and Bianchi identities written in terms of the curvature spinors 
is analyzed. It is shown that in the absence of sources there remain non-zero only totally 
symmetric curvature spinors with 2s indices that satisfy hrst-order differential equations. In 
the linearized limit they are shown to reduce to the equations for the corresponding linearized 
curvatures of free massless helds and allow straight-forward higher-spin generalization. These 
equations may also be viewed as a 5d generalization of Ad hrst-order equations [20], [2T] . 
[22] obeyed by the generalized Weyl curvature spinors. It should be noted that in the 
gravitiational literature the spinor form of the D = 5 Weyl tensor was considered in [23^ and 
the decomposition of the Riemann tensor on the irreducible curvature spinors was obtained 
in [25]. Independently in Ref. [26] spinor form of the linearized Weyl tensor and its higher- 
spin counterparts was used in the unfolded formulation of equations of motions for free helds 
on AdS^ that correspond to the unitary irreducible representation of certain higher-spin 
generalization of su{2, 2 ) algebra and its supersymmetric extension pertinent to AdS^/CFT^^ 
dualityS 

Then we present integral representation for Weyl curvature spinors of arbitrary spin 
free helds that makes use of D = 5 Lorentz harmonic^ and solves Dirac-type equations 
analogously to the cases considered in Ref. [ 8 ]. 

In the last part of the paper we propose a superparticle model characterized by the set 
of simple irreducible constraints, whose hrst-quantized states are given by the multiplets 
of harmonic functions that correspond to Weyl curvature spinors of the helds from various 
D = 5 supermultiplets. The model includes D = 5 spinor harmonics parametrizing the 
coset S'0(1,4)/(S'0(1,1) x ISO{3)) and harmonics of Ref. [H] parametrizing the two-sphere 
among the dynamical variables. In the appendices are collected relevant properties of spinors, 
7 —matrices and Lorentz harmonics. 

2 Curvature spinors of D = 5 massless gauge fields and 
equations for them 

In this section we hnd Spin{l, 4) spinor form of the curvatures for YM, RS and gravitational 
helds, study in detail the restrictions imposed on the curvature spinors by held equations 
and Bianchi identities and consider their linearized limit. 

^See also [24], where additionally spinor form of the Maxwell curvature was discussed. 

®Non-linear equations for symmetric massless higher-spin fields on Z3-dimensional {A)dS space were con¬ 
structed in |27] using vectorial generating elements of the underlying higher-spin algebra. We note, however, 
the importance of spinorial realization of higher-spin algerbas and field dynamics in view of possible super- 
symmetric generalizations (for D = 5 case see p5]l. 

®Lorentz harmonics in dimension D = 5 were first introduced in [29], although there another coset 
realization was considered. 
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2.1 Spinor form of YM field equations and Bianchi identities 

We start with the YM case0 YM curvature tensor Fmn is converted into the spinor form by 
contracting vector indices with those of D = 5 7— matrices 


^a[2]/3[2] ^ai02^Oi2l3i C^Q2/3i-^ ai/32 F C^, 
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( 1 ) 


Charge conjugation matrix Cap that appears on the r.h.s. is antisymmetric (see Appendix 
A for spinor algebra in 5 dimensions). For real Yang-Mills held symmetric curvature spinor 
-fa /3 = Fpa satishes Hermiticity condition 

{Fap)^ = ( 2 ) 


and thus has 10 real components. Spinor and vector representations of the curvature can be 
converted into one another using the relations 


Fa{2) = a(2)Fmn, Fmn = “-Fq,(2) • 


Vacuum Yang-Mills equations 
in spinor representation read 


V^Fmn. = 0 


( 3 ) 

( 4 ) 


= 0, (5) 

where is the spinor form of the YM covariant derivative. Bianchi identity 

V A F = 0 transforms into equation 


'Va'^Fyp + p'^F^a — 0 . ( 6 ) 

Combining Eqs. (jS]) and ([ 6 ]) yields that the curvature spinor satishes 

Va'^F^p = 0. (7) 

In the linearized limit one obtains free spin-1 held equation 


da'^F^p = 0. 


( 8 ) 


2.2 Spinor form of RS field equations and Bianchi identities 

In general the RS held '^^ 7 “ carries Lorentz vector and spinor indices, we additionally endow 
it with the index a to account for the case of gravitini helds in V—extended supergravity 
multiplets. Curvature spin-tensor 

^mn'y ^n^rri'y 

similarly to the YM curvature tensor can be converted to the spinor form 

4 * o [ 2 ]/ 3 [ 2]7 1 ^ 01/31 *^ 02/3217 F!a^P2^a2pi\'y Fa2P\^a\p2\'y F Ca2p2^a\P\\'y • ( 10 ) 

^For simplicity we suppress the gauge algebra indices. 

®For the spinor indices we adopt the shorthand notation that a number in square brackets following 
an index stands for the group of indices equal to that number that are antisymmetrized with unit weight. 
Similarly a number in round brackets following an index denotes the group of indices symmetrized with unit 
weight. 
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Curvature spinor 

‘^a( 2 )|^“ = a2&\^°' + da2^'^ ai5\P°'), ^a[2]|/3“ = aia2^ mP°' (H) 

is symmetric in the first two indices that are therefore separated from the last one by vertical 
line and satishes Hermiticity condition 

(12) 

where Vtab = —^ba is the symplectic metric tensor]^ It has 40A^ components and can be 
presented as the sum of two summands having 20A^ components each 

‘l’a(2)|^'^ = ^0102/3°^ + ^a{2)\p^- (13) 

The hrst term is totally symmetric in the spinor indices 

*1’q!(3) 2 (j^aia2\a3 T ^a2a3\ai T ^a3ai\a2 ) ; (I'l) 

while the second 

^q(2)|/3“ = 2 ^^aia2|/3“ “ 2^“2/3|m“ “ 2*^/3«i|a2“^ (15) 

has the same symmetry as ‘ha( 2 )|/ 3 “ but its totally symmetrized part vanishes 

+ ®a2/3|ai'^ + ‘h^ai|« 2 ^ = 0 - (16) 

RS equation 

= 0 (17) 

transforms into the following equation for $ 0 ( 2 ) 1 ^“: 

‘1*01021/3°' ~ ‘1’oi/3|o2°' = 0- (18) 

Combined with fllbp it amounts to 

?„(2)|/ = 0. (19) 

Bianchi identity for the curvature spin-tensor ([9]) in the spinor form reads 

0a{2)\/3°' = C^q/$5o2|/3“ + da2^ ^ Sai\l3°' = 0. (20) 

Since its symmetry is the same as that of <ha( 2 )|^“, decomposition analogous to flT^ applies 
also to Pa( 2 )|^“- Provided RS equation flT^ is satished, the totally symmetric part Pq,( 3 )“ is 
expressed in terms of the totally symmetric part of the curvature spinor fflTD 

Qa{'i)°‘ = 2 (^oi'^'h^QjOs'^ + da 2 ^^boL 3 a 3 °^ + ^03*^‘1*50102'^) = 0 . ( 21 ) 

For another part Pa( 2 )|/ 3 “, whose total symmetrization identically vanishes, one obtains 

Qa{ 2 )\l 3 °‘ = -g { 9 p^^&aia 2 °' “ - -da 2 ^^= 0 . ( 22 ) 

If further take into account the following representation for the derivative of the totally 
symmetric part of the curvature (ITTll 

^ 0 ^* 1 * 5 / 31 / 32 “ = 22a/3i/32“ - 2/3i/32|a°', (23) 

we conclude that 

5o'$5/3(2)“ = 0, (24) 

whenever RS equation and Bianchi identities are fulhlled. 

^Recall that allowed it—symmetry groups in Z3 = 5 supergravities are USp{N) with N = 2,4,6, 8. 
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2.3 Spinor form of gravitational field equations and Bianchi iden¬ 
tities 


This section culminates in a discussion of D = 5 Einstein gravity. Spinor form of the 
Riemann tensor 


-Ra[2]/3[2]7[2]<5[2] - 

TCq.j/3]^ (^7i5i-^02/32|72<52 ^71(52-^«2/32|72<5i ^72^1-^a2/32|7i<S2 T ^72fe-^a2,32|7i<Si) 

Cai02 (^7i(5i-^«2/3i|72<52 C*7i52-^«2/3i|72<Si C"i2&i^ct2Pi\'n&2 T C*72(S2-^a2/3i|7i<5i) 

Ca2Pi {f^^^S^Raip2\'y2S2 C'')iS2Ra\P2\'y2&i ^72<5i-^«i/32|7i<52 T C*72(S2-^ai/32|7i<5i) 

■hCa2/32 (^7i<5i-Rai/3i|72<52 C'..^j^52RQ,j^y3j|.y25i C725i-^ai/3i|7i(S2 T ^'i2&2^oi\Pi\'yi5i) 


(25) 


can be viewed as the ’square’ of the corresponding spinor form of the YM curvature (fTj). 
Riemann curvature spinor Ra{ 2 )\p( 2 ) is symmetric in the first and the second pairs of indices 
and under their interchange Ra(2)\p{2) = Rp(2)\a{2)- Inverse relation gives the Riemann tensor 
in terms of the Riemann spinor 


Rklmn — Y^7fcz“^^^7mn^^^^-Ra(2)|^(2)- (26) 

Taking trace in the two vector indices in fl26|l expresses Ricci tensor via the Riemann curva¬ 
ture spinor 

Rkm = RkpJ = -^7fc“^^'7m""^"Raia2|/3i/32 + (27) 

o o 

Thus the spinor form of the Ricci tensor is 


Ra[2]p\2\ Ra\p2\oL2Pl Ra\0\\a2P2 

2 (^cn/3i'^<1271^/32 R'a\p2^ct2'y\^Pi 

Further tracing gives scalar curvature 


rvn iH-i R' n 


■'Q:2/5i-^Q 17|"^/32 ^Ce2/32'^Ctl7|'^^l 


)■ 


(28) 


R = (29) 

Consider the properties of the Riemann curvature spinor. Ra{ 2 )\p{ 2 ) has 55 components, 
as the Riemann tensor, and is reducible. It can be represented as the sum 

Ra{2)\P{2) = hha(2)/3(2) + Ra{2)\p{2)- (30) 

The first summand is the totally symmetric Weyl curvature spinor 


kkcK(4) 2 (-7^ckick 2|cK3a4 T Ra.iOL‘^\a4a2 T Rolioli\ol20l^ 


and has 35 components, while the second 


(31) 


Ra{2)\p{2) 


-Ifi- -Iff 

^aia2\piP2 2 '^“i'®2|a2/3i 


(32) 


has the same symmetries as Ra{ 2 )\p{ 2 ) but its symmetrized part vanishes leaving 20 indepen¬ 
dent components. Ra{ 2 )\p( 2 ) can be further decomposed into three irreducible spinors 

CaiPiRa2P2 T CoiiP2Ra2Pi T Cci2PiRaiP2 T R«i/3i 

T R aipiC02p2 T Caip2^a2pi) • 



R 


o{2)\p{2) 


= R 


«(2)|/3(2) - 6 
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4-index irreducible curvature spinor Ra( 2 )\i 3 { 2 ) has the same symmetries as -Ra( 2 )|^( 2 ) but 
additionally all possible traces that one can take using the charge conjugation matrix 
vanish thus leaving 14 independent components. Note that dehned in Ref. [25] curvature 
spinor that is antisymmetric in the hrst and the second pairs of indices, admits 

the following expression in terms of Ra{ 2 )\i 3 ( 2 ) 

^ai/3i|a2/32 -^oi/32|o2/3i Raia2\0\l32' (34) 


2-index curvature spinor Ra[ 2 ] being antisymmetric and traceless has 5 components, while 
the scalar R equals 

R = 2R. (35) 

Substitution of fl3^ into fl28l) allows to express spinor form of the Ricci tensor via the 
irreducible curvature spinors 


Ra[2]m - 


Rai02\a2fil Roi/3i|q:2/32 

YqR (1-^0102^^/31/32 (^70,2/32 4“ 2C'Q]^y32l-^02/3l ) • 


(36) 


The contribution of the 2-index curvature spinor Ra[ 2 \ drops out because of the relation 


^ 13'yRse 4~ ^SeRB'w T ^^sRqe 4~ ^SeR'yS ^SsR^e ^^eRdS b 


^6e-^(3'y 




jSe-^'yS 


'' (35 ^'ye 




(37) 


that can be derived from the identity 

R\[a^ fi'ySe] 0 ( 38 ) 

upon taking into account the realization of the totally antisymmetric 4-index spinor in terms 
of the charge conjugation matrices 


^a/S'yS 


— Capers + Ca^CjSS — CasCjS^ 


(39) 


and tracelessness of Ra[ 2 ]- In fact it can be shown that Ra[ 2 ] vanishes since the algebraic 
Bianchi identity 

R[klmn] =0 (40) 

in the spinor form amounts to 

Ra[ 2 ] = 0. (41) 

From the dehnition of the Einstein tensor 


^mn Rmn Vnin R 


(42) 


it is possible to express it in terms of the irreducible curvature spinors 


^^a[2]/3[2] Rai/32|a2/3i Rai/3i\a2fi2 4” i.^oiia2^l3il32 ‘^CQi^p^Cot2f}2 4“ 2C*Q,j^^2l^a2/3i) • (43) 


So that vacuum Einstein equations yield Ra( 2 )|^( 2 ) = R = 0 leaving Weyl curvature spinor 
as the only non-vanishing quantity. 

We conclude the discussion of R = 5 Einstein gravity with the analysis of the spinor 
form of the second Bianchi identity 


^[kRlm]pr 0 - 


(44) 


6 


Using the spinor form of the covariant derivative and the relation between the Riemann 
tensor and cnrvatnre spinor (|26|) one obtains eqnivalent form of the second Bianchi identity 


-Ba(2)|/3(2) — R\a2\l3{2) + R\oii\P{2) — 0. 


(45) 


4-index spinor Ba{ 2 )\p{ 2 ) is symmetric in the hrst and the second pairs of indices. It can be 
presented as the snm of two 4-index spinors symmetric and antisymmetric nnder permntation 
of the pairs of indices 


B. 


«(2)|/3(2) 


= 


a(2)|/3(2) 


+ A 


«(2)|/3(2) 


(46a) 


5'a(2)|/3(2) — - {^ai^R\a2\P{2) + ^a2^R\ar\l3{2) + .^/3i^-RAfe|Q:(2) + ^li2^R\l3i\a(2)) , (46b) 

Aa( 2 )\^{ 2 ) = - {^ai^R\a 2 \p{ 2 ) + |/3(2) - ^l3-i_^Rxi32\a(2) - 3>i3^^R\p^\a{2)) ■ (46c) 

S'q,( 2 )|^( 2 ) has exactly the same symmetries as the Riemann cnrvatnre spinor. So its decom¬ 
position into irredncible spinors parallels that of Ra( 2 )|^( 2 ) (cf. Eqs. (|3n|l - (|33ll ). First one 
singles ont totally symmetric part and that, whose symmetrization gives zero, 




«(2)|/3(2) 


= 5'. 


a(2)/3(2) + 5'«(2)|/3(2), 


where 


and 


1 




s, 


«(2)|/3(2) 


= 5rhS, 


^aia2|/3i/32 




01^11/3202 




Oi/32|o2/3i 


(47) 

(48) 

(49) 


The totally symmetric part is contribnted only by the Weyl cnrvatnre spinor (ITIil 


Sa{A) r\ (-^oi 1^X0,20.304 4" ^ 0-2 ^^Aq; 3Q;4 Q;i “t“ ^^^Xa 4 aia 2 -^0:4 lUxoioaos) ; 


while S'o(2 )|/3(2) - by Ra( 2 )\m O 


*50(2)1/3(2) = - (^01 Rao2|/3(2) 4- S>a2 Rxai\/3{2) + ^l3i Ra/32|o(2) 4" -Ra/3i|o(2) 


(51) 


For fntnre reference let ns addnce the decomposition of the covariant derivative of the Weyl 
cnrvatnre spinor 


^o^1Ua/3(3) = ^.5, 


0^(3) 


+ W, 


o|/3(3), 


(52) 


where 

>Vo|/3(3) 


^1Ua/33o/3i - 2^/33^ 1Fao/3i/32 ) (53) 


14a/3i/32/33 - 2 ^4i 14a/32/33 0 “ 2 -P2 


is symmetric in the last three indices bnt its symmetrization over all the fonr indices gives 
zero. *So( 2 )|^( 2 ) analogonsly to fl3^ can be represented as the snm 


.5, 


o(2)|/3(2) 


= .5, 


a(2)|/3(2) Q \^ail3i^a2(32 


/3i *5^0(9/39 C^Q;i/32 ^Q:9/3i ^9 H~ 


a20i^cxi02 ^a2^2^oii0i 


20^ (^qi/3iC^ a2/52 ^ai/32^CK2/5i) * 


(54) 
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Irreducible spinors on the r.h.s. have the same symmetries as corresponding curvature spinors 
on the r.h.s. of ([33]). Explicit expressions for them via the covariant derivatives of the 
curvature spinors are found to be 


Sa{2)\m - 
+ 

*S'q:[2 ] = 
S = 


I {^ai^Rxa2\/3{2) + ^ 02 |/3(2) + R\l32\a{2) + ^^2^R\/3i\a(2)) 

Rxqi2 I/x/32 RR'oliI32 R\a2\fJ,0i R'a2l3\ R\ai \fj,fi2 C'a2l32Rxai |^/3i) 0) 

Rxai\fia2 + Jo^a[2]R = 0, 

0 


modulo terms proportional to the covariant derivative of the 2-index curvature spinor 
that vanish when the spinor form of the algebraic Bianchi identity fHTD is taken into account. 
Thus symmetric under permutation of the pairs of indices part of the second Bianchi identity 
fl46bD contains 54 non-trivial equations for the curvature spinors. For vacuum space-times 
there remain only 35 equations given by vanishing of (l50|l . 

Spinor 24 q,( 2)|^(2) dehned in fl46cp can be decomposed into the traceless part and that 
contributing to the trace 

^q;(2)|^(2) ^a{2)\fi{2) g (C*qi/3i^Q!2/32 T Cq,^^2^«2/3i T C'q!2/3i^Q:i/32 T ) • (56) 

Symmetric 2-index spinor 24^(2) vanishes, when the algebraic Bianchi identity is satished. 
For the traceless part we obtain 

24a(2)|^(2) = 2 ('^“i|«2^i/ 32 4" '^a2|«i/3i/32 ~ '^/3i|/32ai«2 ~ '^/32|/3i«i«2) 

+ I (^ai'^-RAQ21/3(2) + ^02^-^Aai 1/3(2) “ S'R\p2\a{2) — ■^/32'^-Ra/3i|q(2)) = 0. 

For vacuum space-times it amounts to the vanishing of Wa|/ 3 ( 3 ) so that recalling fl52]) we come 
to the following equation for the Weyl curvature spinor 

^a^hFx/3(3) = 0 (58) 

and its linearization around flat background 

5a^kF\/3(3) = 0. (59) 

Eq. fl59D is the spin-2 counterpart of Eqs. ([8]), fl24|) for spin-1 and spin-3/2 helds. In fact 
the sequence can be continued to accommodate (symmetric) higher-spin free helds. One can 
dehne a higher-spin generalization of the Weyl curvature spinor Wa( 2 s) that should satisfy 
the equation generalizing (1591) 

do^W\i3{2s-i) = 0. (60) 

This equation encompasses both low- and higher-spin cases and applies to arbitrary (half- 
)integer s > 1/2. It can be shown [30] that for higher-spin helds on-shell there remains 
non-zero only the Weyl tensor similarly to the low-spin ones. 


3 On-shell integral representation for Weyl curvature 
spinors of L) = 5 massless gauge fields 

Equation (l60l) can be solved using the integral formula that maps functions 0/(2^) on S'^ 
that carry 2s symmetrized indices of the fundamental representation of SU (2) (and possibly 






indices of the i?—symmetry group representations) to Weyl curvature spinors of spin-s fields 
in Minkowski space. The role of mediator is played by the D = 5 Lorentz-harmonic spinor 
variables. Present section aims at giving the details of such a construction being the general¬ 
ization of that elaborated in Ref. [8] for the string-theoretic dimensions D = 3,4, 6, 100 To 
this end we start by recapitulating necessary properties of D = 5 Lorentz-harmonic variables. 
Vector Lorentz harmonics are given by 5 x 5 matrix subject to the constraint 

nrrTv^'V = h""", h = diag(-, +, +, +, +) (61) 

so that it takes value in the Lorentz group ^(^(Ijd). Light-face indices are acted upon by 
the left SO{1,4:)l rotations, while the bold-face ones transform under the right ^(^(Ijd)/^ 
group, whose S'0(1,1) x ISO{3) subgroup will be gauged. Taking the hrst and, e.g., the last 
columns of the harmonic matrix allows to dehne two light-like vectors 

= rim^ ± Um^ : = 0, = -2. (62) 

This introduces decomposition of the vector harmonic matrix into three blocks 

rim"^ = I = 1,2, 3 (63) 

reducing manifest 50(1,4)i^-covariance down to 50(1,1) x 50(3). Above introduced com¬ 
ponents of the matrix transform in the following manner under inhnitesimal 50(1,4)/^ 
rotation with parameters L^"^) 

64 

= -| [L+^^rim + L 

Due to zero norm any of the vectors fl6^ can be set proportional to O = 5 massless particle’s 
momentum. For instance, is invariant under the transformations with parameters 

and and covariant under those with the parameter in flM]l corresponding to the 

50(1,1) X 150(3) subgroup of 50(1, 4 )r. This subgroup can be gauged, so that the vector 
harmonic matrix will parametrize the 50(1,4)/50(1,1) x 150(3) coset-space isomorphic to 
the 3-sphere. More explicitly one can write with the Euclidean 4-vector 

km'- = 1 parametrizing 5^. 

Like in arbitrary dimension, 50(1,4)—valued matrix can be presented as the ’square’ of 
the 5pm(l,4) matrix 

n^r = (65) 

In analogy with the vector-harmonic matrix, the light-face index of transforms under 
the spinor representation of 50(1,4)/, and the bold-face index under that of 50(1,4)//. 
Orthonormality conditions (16T|) are then satished by virtue of six harmonicity conditions 
imposed on the 4x4 spinor-harmonic matrix 

= O^^", (66) 

where Cap and are charge conjugation matrices acting on the 50(1,4)/, and 50(1,4)// 
spinor indices respectively. Harmonicity conditions ensure that takes value in 5pm(l, 4). 

[8] there was also given on-shell integral representation for integer-spin fields based on I?—dimensional 
vector harmonics. 
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Similarly to the decomposition of the vector harmonic matrix on 50(1,1) x 50(3) 
covariant blocks spinor harmonics decompose into the following 4x2 blocks 


= 


/ ya+i 



(67) 


where i is the SU{2) fnndamental representation index. In terms of these 4x2 blocks nnll 
components of the vector harmonics acquire the form 


n. 


±2 ^ \ a±i ±. 

m 2 *^ imoL i‘ 


( 68 ) 


Fulhlment of the zero norm and orthonormality conditions fl6^ is again by virtue of the 
harmonicity conditions (l66|l . whose component form is 




= 0 , 




=Fi 


= 0 . 


(69) 


More details on the properties of H = 5 spinor harmonics can be found in Appendix B. 

Harmonic variables can be used to construct 50(1,4)^—invariant Cartan 1-forms. Those 
taking value in the Lie algebra of 50(1,4)^^; are dehned by the relations 

i P'dv^^. (70) 


They further decompose on 4 irreducible components under the 50(1,1) x SO{3) subgroup 
of 50(1, 4)ij. Explicit expressions for them in terms of the spinor harmonics will be used 
below 

Q-t-2-2^^^ = i{v°‘~^^dVa~i — V°‘~'^dVa~^i), 

Q^^pd) = -v°^P^ddVo,^j, (71) 

il^'^{d) = i^dva'^ j)- 

Proceed now to discussion of the integral representation for the Weyl curvature spinors 
of the gauge helds. It has the following form 



+i2i 


r®-^^( 2 s)( 


X 


(72) 


Harmonic measure is given by the 3-form 


q+6 ^ ^IJKq^+21 ^ Q+2J 


(73) 


It is ISO{3) invariant (corresponding parameters in (l64|l are and and 50(1,1) 
covariant so that the integral is 50(1,1) x J50(3) invariant. By appropriate parametrization 
of harmonics it reduces to the standard measure on 5^ written via angle variables. Integrand 


0 ® ^*^( 2 .)(a:+^n+) (74) 

transforms homogeneously under 50(1,1) with weight —6 — 2s to compensate contributions 
of harmonic measure and spinor harmonics and depends on the space-time coordinates only 
through the projection x~^‘^ = x’^rim^'^■ This ensures that ITq,( 2 s) dehned by fl72|) satishes 
Eq. (I60l) for s > 0 and UWa( 2 s) = 0 for s > 0. Note that the integral representation analogous 
to that of Eq. frf2l) can also be constructed using spinor. In that case homogeneity degree 
in Va~^ of the integrand should be opposite to that in (1741) . 
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4 Massless particle model in doubly harmonic super¬ 
space 


In this section we discuss a toy model of the massless superparticle, whose canonical quan¬ 
tization yields functions fl74p with various values of s assembled into multiplets of D = 5 
Poincare supersymmetry. It is characterized by the following actiorJ^ 




+ 

+ 


f dr^, 

p - 2 , 0 j .+ 2,0 ^+- aQ -,+^ _j_ lQ+2-2,0('p-2,0^+2,0 17,-+-“6)-.+^) 

q+ 2,07^-2,07 a;°’°7r+-f- a;°’+^7/° 

gf]+2-2,0 ^ £^0,0_ 


(75) 


Coordinate (denoted as in section E]) upon quantization will become the argument 
of the superparticle’s wave-function (cf. d74)) i. Grassmann odd coordinate a in addition 
to 50(1,1) and 0(1) weights of unit modulus carries index a = 1,... ,iV labeling 0 = 5 
supersymmetries; and tt are their canonical momenta. Action fl75|l also contains 
four non-dynamic bosonic coordinates and y^~‘^ and two sets of harmonic variables. 

5pm(l,4) Lorentz harmonics enter via the world-line projections of Cartan forms 

q+ 2 - 2,0 (cf. fl7T]) j. Due to the IS0{3) gauge symmetry with parameters L°’°^'^(r) 

and L“^’°^(r), under which variables entering the superparticle’s Lagrangian transform as 

^^+2-2,0 _ ^^+ 2,01 ^ ^0,07J^+2,0J^ ^^-2,07 _ ^0,077^-2,OJ 


(77) 


and 

5D+2-2.0 = L-2,07^+2,07^ ^^+2,01 ^ g^ 

(5y-2.07 ^ _l/^-2,07 ^p-2,0^-|-2,0 _|_ 1 ^+,-a^-,+^ _|_ ^ 

Lorentz harmonics parametrize the 50(1,4)/J50(3) manifold. The action also depends on 
another set of harmonics via the world-line projections of the Cartan forms 


cjO’O = "i a;°’+2 = 

They are subject to the harmonicity condition 

-1 = 0 


(78) 


(79) 


that is nothing but the unimodularity condition ensuring that harmonic matrix (w^’+b 
takes value in the 5f/(2) group. Due to the gauge symmetry of the action fl75l) with the 
parameter A°’“2(7-) 

= A° = 0, 5y'^~‘^ = -A° ■2(7r+-F i), (80) 


these harmonics parametrize 5^ manifold. Two last summands in fl75|) are harmonic Id 
Wess-Zumino terms. The hrst depends on the Lorentz harmonics and the second - on the 

this section, because we introduce harmonics parametrizing the two-sphere SU{2)/U{1) in 

addition to the Lorentz harmonics, the notation has to be slightly improved. For any quantity 
Lorentz indices (if any) precede integers p and r separated by comma that denote 50(1,1) and U{1) weights 
respectively. They are followed by other indices that in the above example have been collectively denoted by 
T. Thus for the introduced in the previous section spinor Lorentz harmonics (EZl) and 50(1,4)i—invariant 
Cartan forms (inD it is additionally specified that they carry zero weight w.r.t. to the U{1) subgroup of 
517(2), namely etc. 
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SU{2)/U{1) harmonicsF^ Values of the numerical coefficients q and I will be determined 
below in terms of N and the maximal spin in the supermultiplet. 

Systematic treatment of gauge symmetries is achieved in the framework of the canonical 
approach to the discussion of which we now turn. Dehnition of canonical momenta results 
in the following primary constraints 


p+2,0I ^ 

p 0^-\-2 ^ 

7" -,o _ 

rn +,0 _ 

2- OL i - 

= 

= 


0, (81a) 

0; (81b) 

+ + 0, (81c) 

- ^(p“"’°a:+2’° + ^vr+’-“0-’+„ + 2g)u„+’°, ^ 0; (81d) 

- ^(vr+’-“r’+, + £)u;°’-, - ^ 0, (81e) 

- ^(vr+’-“r’+, + £)u;°’+, ^ 0, (81f) 


where P+^-O-f po ,+2 momenta conjugate to and Pa^’^i are momenta 

for the Lorentz harmonics and - for the SU{2) harmonics This set of 

constraints has to be supplemented by the harmonicity conditions (l69|) and fl7^ that in the 
canonical approach should be treated as weak equalities in the sense of Dirac. Since it is 
convenient to consider them holding as usual equalities, i.e. in the strong sense according 
to Dirac, the following technical trick can be applied. It is possible to single out part of the 
constraints on the harmonic momenta that form with the harmonicity conditions conjugate 
pairs of the second-class constraints and construct associated Dirac brackets. Remaining 
constraints on the harmonic momenta take value in the right Lorentz algebra and are called 
covariant momenta. Pivotal property of such Dirac brackets is that on the subspace of 
the harmonic phase-space spanned by harmonics themselves and covariant momenta they 
coincide with the Poisson brackets, while remaining constraints including the harmonicity 
conditions are then fulhlled in the strong senseis 

Consider in more detail 4-1-1 constraints fl81el) . fl81fj) and fl7^ in the sector of SU{2) 
harmonics. Projecting constraints fl81ep and (l81fD onto the harmonics and taking their linear 
combinations it is easy to hnd that the constraint 


w 


0,+if^0,-. ^ , _ ^0,+ipO,-. p ^0,-ipO,+, 


(82) 


forms with the harmonicity condition (Tf^ the pair of the second-class constraints that can 
be converted into strong equalities by introducing Dirac brackets. So that in the sector 
of SU{2) harmonics there remain three constraints corresponding to covariant momenta 
generating the su { 2 )r algebra 


^0,0 _ ^0,+ip0,-._y^0,-ip0,+ _y^0,+ip0,-._^0,-*p0,+^p^-,+^^. 

^0,-2 _ ^0,-ipO,-_ y^0,-ip0,-. p ^0,-2 _ Q_ 




(83b) 

(83c) 


^^Superparticle models with Wess-Zumino terms constructed out the D = 4 spinor harmonics were con¬ 
sidered in IS], i and those constructed out of the SU{2) harmonics in [32] • 

^^For detailed discussion of the Hamiltonian description of the Lorentz harmonics see, e.g. [33] . 
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In view of the constraints flSlbp and fl83cp canonical pair can be excluded from 

the consideration and in the sector of SU{2) harmonics there remain just two constraints 
fl83ap and fl83bp . The latter is the generator of the gauge symmetry flHop . 

In the sector of Lorentz harmonics there are 16+6 constraints fl81cp . fl81dp and ([69]). Like 
in the case of SU{2) harmonics, one can single out six S'(9(l, 4)^—invariant constraints from 
fl81cp . fl81dp that form conjugate pairs of the second-class constraints with the harmonicity 
conditions fl69p . 10 remaining constraints constitute covariant momenta taking value in the 
so(l, 4)/j algebra 


^+ 2 - 2,0 _ 

+ 2 a;+^’- 6'“’+a7r++ Aq) ^ 0, 

^+ 2,01 ^ ^ 0 , 

= + n""’°V^dPa+’°i) ~ 0. 


0 , 


(84a) 

(84b) 

(84c) 

(84d) 


One observes that due to the constraints fl81ap and fl84cp canonical variables (P+^’°^, 
can be excluded from consideration. So that in the sector of Lorentz harmonics one is left 
with seven constraints fl84ap . fl84bp . fl84dp . Constraints fl84dp and fl84bp are the generators 
of the discussed above gauge transformations fl76P and fl77P respectively. 

Thus the constraints fl83ap . fl83bp and fl84ap . fl84bp . fl84dp form the set of the first-class 
constraints of our model. Associated quantum operators are imposed on the superparticle’s 
wave function that in the coordinate representation depends on 9~’^a- 

Conjugate momenta then act as differential operators 


p- 2 -O = 


d 


Pr 


±,0 


d 


p 0 ,di _ 

i — 


d 


d 


5y;0,=F* ’ 


TT 


de- 


( 86 ) 


cIa;+2.0 ’ “ * ’ 

so that the (anti)commutations relations hold 

Classical generator of the S'0(1,1) gauge symmetry fl84a|) in such a realization transforms 
into the following Hermitian operator 




d 


9a;+2-o 


+ V 


Q:H-,02 


d 


Qya+,0i 


T — V 


a—,0i 


d 


Qya-fli 


-Q- 


d 




(87) 


where Cso{i,i) = —1 —4^ —y is an ordering constant . It is nothing but the dilatation operator 
acting on the variables with non-zero *S'(9(1,1) weights. Similarly quantum P(l) generator 
associated with the constraint fl83ap can be brought to the form 


A„(i) = 


d 




— w 


0,-i 


d 


dw^~^ 


+ e- 


d 


de- 


— a 


u(l), 


( 88 ) 


where c„(i) = i+Y- ’measures’ the P(l) charges of the components of superparticle’s wave 
function. Quantum operators corresponding to other constraints fl84bp . fl84dp and 


are 
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free from the ordering ambiguities and can be defined in the following way 


p+ 2 ,or 

8 

_ a+,Oi^I j O' 

* dv^-8j • 

(89a) 

p0,0/J 

_ ^IJK ( a+fii^K j 9 a-,Oi^K j ^ \ 

~ ^ V J ’ 

(89b) 

^0,+2 

ay;0,-i 

(89c) 


These operators act on the wave function that admits series expansion in 6 

<^^So(l,l) ’ 0 ,+ ^ ^ _|_ 0 )“t“ ^u(l) 


where 6 ^'^^a[k] = Q ’^a 2 • • ■ ^ and the component functions depend on and 

harmonics. In particular, one hnds that for any 0 < fc < iV 

p+ 2 , 0 /(^Cso(i^l)+fc,c„(i)-fca[fc] _ g^ (91a) 

RO’+V ^so(l,l)“l“^5 ^ Q ^91b^ 


and the operator fl89bp determines how the wave function components transform under the 
50(3) ~ SU{2). The hrst equation implies that the wave function is independent of 
(cf. [8]) and the second allows to factorize the dependence on the 50(2) harmonics. Namely, 
for any function with non-negative value of the 0(1) weight Cij(i) — fc > 0 it was proved in 
HH that the solution of Eq. fl91bp is 




^so(l,l) + ^i ^u(l) 






(92) 


where ie'^'+hru(i) = m 0 ,+ii,y 0 ,+i 2 ,.. while if the U(l) weight is negative the 

function vanishes. As a result component functions 

depend on and only. In order to identify them with the integrand in fl72D the 

following relation between the ordering constants in flHTI) and fl88l) should hold 


^80(1,1) 6 (l^^) 

and then Cu(i) — k = 2sk, where Sk is the spin of the corresponding gauge held. Using that 
the held with the highest value of spin in the multiplet Smax corresponds to the leading 
component in the expansion fl90|) . allows to express coefficients at the Wess-Zumino terms q 
and i through Smax- 

Consider in more detail the case of A^ = 2 supersymmetry. From equations 


Cso(l,l) 6 2Sjyiaxi Cu{l) ‘^^max 

it follows that 

g = 1 + 1 = 2w - 1. (95) 

If the value of the maximal spin in the supermultiplet is set to 1/2 we get two non-zero 
components of the wave function n"’''’^*) and (^- 6 . 0 a(' 2 ;+ 2 ,o^ corresponding 

to the component helds of = 2 hypermultiplet. For Smax = 1 one obtains three component 
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fields on and correspond to the component fields of iV = 2 

Maxwell snpermnltiplet. Similarly setting Smax = 2 yields the on-shell held strengths of 
N = 2 snpergravity mnltiplet (hha( 4 ), $ 0 ( 3 )“,-FQ( 2 ))(a:'") [M]. Choosing other values of the 
maximal spin gives massless higher-spin multiplets of D = 5 iV = 2 supersymmetry. The 
model fITSD is also capable to describe D = 5 N = 4 snpergravity mnltiplet for g = 7/4 and 
i = 2. Corresponding components of the superparticle’s wave function and associated helds 
on the space-time are listed in the Table. 


Fields on 

Fields on space-time 

^-lOA 

hF(i(4) 

^-9,3 a 

*ha(3)“ 

^-8,2a[2] 




(p-6-0 

s 


5 Conclusion 

Gauge invariant curvatures of YM and gravitational helds in 5d are known to admit equiva¬ 
lent spinor representation similarly to corresponding Ad helds. In particular, D = 5 Riemann 
tensor amounts to the set of four irreducible (multi-index) spinors. We analyzed restrictions 
imposed by the dynamical equations and Bianchi identities on the curvature spinors for YM, 
gravitational and free massless spin-3/2 helds. In analogy with the Ad case in the absence 
of sources there remain non-zero only symmetric curvature spinors with 2 s indices given by 
the Weyl curvature spinor and its lower-spin counterparts. These spinors satisfy hrst-order 
equations reducing in the linearized limit to Dirac-type equations that can be written in the 
uniform way for various spins. This suggests that they are the hrst members of the sequence 
of equations for higher-spin Weyl curvature spinors. These equations are solved using the 
integral representation based on writing the null-momentum as the square of spinors that are 
blocks of the spinor harmonic matrix parametrizing the coset S'0(1,4)/(S'(9(l, 1) x ISO{3)) 
being the realization of the manifold and the integration is actually performed over this 
three-sphere. This integral representation for on-shell Weyl curvature spinors is the D = 5 
extension of that in dimensions D = 3,4,6,10 described in [ 8 ]. The possibility to elaborate 
such an integral representation for Weyl curvature spinors in various dimensions and for 
helds of various spins is due to fact that only Lorentz symmetry is manifest. So it would 
be interesting to look for generalizations to the helds over curved backgrounds, particularly 
such as {A)dS ones, and in other dimensions including the string/M-theoretic ones. Less 
straight-forward but potentially more promising is to promote proposed superparticle model 
to the string one, whose correlation functions would reproduce (tree-level) scattering ampli¬ 
tudes in D = 5 YM/gravity theories similarly to the (ambi)twistor-string models [35], [36] . 
[37] . [38] . [39] . The fact that spinorial (vectorial) constituents are Lorentz harmonics makes 
feasible also a generalization to other dimensions like in the case of the ambitwistor string 
of Ref. [38] , in which Lorentz harmonics enter implicitly EDI- 
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Appendix A. 7— matrices and spinors 


7 —matrices (m = 0,1, 2, 3, 5) 01,(3 = 1 , 2 , 3,4) satisfy the defining relations of the 

D = 5 Clifford algebra 

= 27™”5f. (96) 

Positions of the spinor indices can be changed with the aid of the charge conjugation matrices 
and Cap'- = 5^ according to the rule 


r = Xa = CapX^. 

Both charge conjugation and 7 —matrices are antisymmetric in 5 dimensions. 
Subsequent relations are widely used in the main text 


(97) 


( t ”)* = 77”/, (7”/)^ = -7 


m/3 


(98) 


where 7 ™'^q, = —C^'^'y'^.y^Csa and minus sign reflects antisymmetry of the charge conjugation 
matrices. 

In discussion of the Lorentz harmonics used is the light-cone basis for 7 —matrices, in 
which only S0{1, 1) x SU{2) covariance is manifest. Let 0 and 5 be the light-cone directions, 
then 7 —matrices exhibit the direct product structure 


.0 I ' -1. 3 

) , 


= p\i,) 




(99) 




( 100 ) 


( 101 ) 


7 m — P iP) 

Non-relativistic Pauli matrices satisfy 

= 25^^51 

p* and p® are timelike and spacelike 7 —matrices in H = 1 -|- 1 dimensions 

0 i \ f 0 i 

^ * 0 y Y —* 0 

and p*® = p*p®. Similarly charge conjugation matrices acquire the direct product form 

C,, = ( 102 ) 

where antisymmetric unit matrices and 

= £21 = 1, (e*^)'^ = Oji: = SI (103) 

are used to move SU(2) indices as Xi = OijX\ and H = 1 -|- 1 charge conjugation 

matrices equal 

, ,, , f 0 i \ f 0 —i 

=1 1 , = I _ I (104) 


SO that 




i 0 

1 0 
0 1 


Pom 


-i 0 

1 0 
0 -1 


(105) 


as desired for expressing light-cone components of the vector Lorentz harmonics in terms of 
the spinor ones. 


16 



Appendix B. Some properties of D = 5 Lorentz harmon¬ 
ics 

Discussion of the properties of the spinor harmonics v°‘'^ in this section complements that in 
the main text. 

Spinor harmonics satisfy generalized Majorana condition 

(106) 

reducing the number of (real) independent components from 32 to 16. Other forms of this 
condition are 

(107) 

can be used to check reality of the vector harmonics realized in terms of the spinor ones fl65p . 

The light-cone basis realization for D = 5 7— matrices implies decomposition of Spin{l, 4) 
spinor on S'0(1, 1 ) xS'17(2) representations 4 = 2 +© 2 _. Applied to the index that transforms 
under 50(1,4) p introduces decomposition of the spinor harmonic matrix on 4 x 2 blocks 

(ct. Eq. m 

"“7 j = c,= -i ”7’ ) . (108) 

For such blocks generalized Majorana condition reduces to the 5f/(2)—Majorana condition 

(^“^T= 7 °«%^. (109) 
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